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Abstract 

In this paper we couple noncommutative (NC) vielbein gravity to scalar fields. 
Noncommutativity is encoded in a ^-product between forms, given by an abelian twist 
(a twist with commuting vector fields). A geometric generalization of the Seiberg- 
Witten map for abelian twists yields an extended theory of gravity coupled to scalars, 
where all fields are ordinary (commutative) fields. The vectors defining the twist can be 
related to the scalar fields and their derivatives, and hence acquire dynamics. Higher 
derivative corrections to the classical Einstein-Hilbert and Klein-Gordon actions are 
organized in successive powers of the noncommutativity parameter 9 AB . 
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1 Introduction 



In this paper we study the coupling of scalar fields to the noncommutative gravity theory 
constructed in pQ and further developed in [2] [3]. A noncommutative action is found, and 
generalizes the classical Einstein-Hilbert + Klein-Gordon actions. It is invariant under dif- 
feomorphims and noncommutative local Lorentz transformations. The noncommutativity is 
governed by an abelian twist, T = e~^ e x a®x b ^ anc j corresponding ^-product between 
forms reads: 

oo / j\n 

t^t' = E d o A ^...e A ^(£ XAi ...e XAn r)A(e XBi ...£ XBn r') 

n=0 VZ/ 

= r A t' + U AB {1 Xa t) A (£ Xb t') + ^) 2 9 A ^9 a ^(£ Xa J Xa j) A (£x B Jx B2 r f ) + • ■ ■ 

where the mutually commuting vector fields Xa act on forms via the Lie derivatives £ Xa . 
This product is associative, and the above formula holds also for r or t' being 0-forms 
(i.e. functions)0. A different study of a Klein-Gordon action in a curved background is 
presented in [5J E], based on the metric formulation of twist noncommutative gravity [7], 
where noncommutative local Lorentz symmetry is absent. 

Use of the geometric generalization j2] of the Seiberg-Witten map j8] between noncommu- 
tative and commutative local Lorentz symmetry allows to reinterpret the noncommutative 
vielbein gravity coupled to scalar fields as a theory with ordinary fields on commutative 
spacetime, invariant under diffeomorphisms and usual local Lorentz rotations. It is a partic- 
ular higher derivative extension of Einstein gravity coupled to scalar fields. 

The commuting vectors Xa present in the twist also enter the action, but they can be 
related to the scalar fields, so that the resulting theory contains only the vierbein, the spin 
connection and the scalars. Alternatively one can keep the vectors Xa as independent fields, 
and introduce a corresponding kinetic term coupled to the gravity action. 

In the first scheme the particular extension of Einstein gravity depends on how the vectors 
Xa are related to the scalars. This relation is controlled by a function Z of the scalars, a sort 
of "potential" for noncommutativity. The Xa vector fields are given in terms of (derivatives 
of) Z, and therefore are not anymore background spectators but acquire dynamics induced 
by the scalars. Some choices for Z are discussed. 

The paper is organized as follows. In Section 2 we recall the geometric action for scalars 
coupled to gravity, and show how it can be recast in an index-free form, suitable for a 
noncommutative generalization. In Section 3 the noncommutative action is obtained, and 
its symmetries are discussed. In Section 4 we discuss the noncommutative field equations and 
how to find their solutions. We show that the nondynamical fields of the classical theory 
remain nondynamical in the NC theory. The geometric Seiberg-Witten map for abelian 
twists is recalled in Section 5, and applied in Section 6 to show that the first order correction 
(in 6) of the action vanishes. In Section 7 we give the second order expansion of the scalar 
action, in a manifestly Lorentz gauge invariant form. In Section 8 we relate the Xa vector 

1 when restricted to 0-forms, and if Xa — 8^ the ^-product reduces to the well-known Moyal- 
Groenewold product [I]. 
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fields to the scalar s and discuss the potential Z. An Appendix summarizes the D = 4 gamma 
matrix conventions. 



2 Scalars coupled to gravity: classical action 
2.1 Geometric first order action 

The classical action for a scalar multiplet (ft 1 coupled to gravity can be written in first order 
form as follows: 

S = J (R ab AV c AV d +-(p Ia d0 I AV b AV c AV d -^(<f Ir <p I r +W(<t) I ))V a AV b (2.1) 
The fundamental fields are: 

i) the one-form spin connection u ab , entering the action through the Lorentz curvature 

R ab _ du ab _ ^ac ^ ^cb ^ 

ii) a multiplet of iV scalar fields (zero-forms) (ft 1 , (1=1, ...N) 

iii) the zero-form auxiliary fields tp^ ; 

iv) the vielbein one-form V a 

The variation of the action with respect to ip^ identifies the auxiliary field with the 
derivative of the scalar field: 

<p{ = d a tf (2.3) 

where d a = V^d^, V£ being the inverse matrix of V^ a , with V a = V^dx^. The field equation 
for u ab gives the zero torsion condition: 

dV a - u ab A V b = (2.4) 

which allows to express the spin connection in terms of derivatives of vielbeins and inverse 
vielbeins (second order formalism). 

The variation with respect to the scalar fields (ft 1 yields the Klein-Gordon equation in 
curved space: 

5W 

Dady 1 + 12 — = (2.5) 

where W is the scalar potential, depending only on (J) 1 , D a = Lorentz covariant derivative, 
and where repeated indices are summed with the flat Minkowski metric rj a b. 
Finally the variation of the vielbein yields the Einstein equations: 

R ra rb - l -5 a h R = -I(£><yc^ - - SWS a b (2.6) 

Note: the use of auxiliary fields (p Ia in the action ( 12. ip allows to avoid the appearance 
of the Hodge star operation, cf. also the action for NC Yang-Mills coupled to gravity in 
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ref. [3]. This formulation is useful since the noncommutative generalization of the Hodge 
star operation in case of an arbitrary curved metric is presently an open question. The 
introduction of the auxiliary fields bypasses this problem, and still leads in the classical limit 
to usual Einstein gravity coupled to scalars. 

2.2 Index-free action 

The action ( 12.1 p can be recast in index-free form as follows: 

S = J Tr(i ls {R A V A V - j^^V A V A V A V + ^ A V A V A V)) (2.7) 

where R = \R ab j a b, & = 7 1, f 1 = f Ia 7a, V = V a Ja, and the trace is taken on the spinor 
space. We take for simplicity W — 0. Use of the D = 4 gamma matrix identities 

2>(7ab7c7d75) = -4ie abcd , l[ a lbldd\ = -i^abcd (2.8) 

yields the action ( 12. ip . The index-free definition of the Lorentz curvature is 

R = dQ-QAQ (2.9) 

with Q = ^u^jab. The definition (I2.9p implies the Bianchi identities for R: 

DR = dR-QAR + RAQ = (2.10) 

For notational economy, in the following we will occasionally omit the multiplet indices / in 
the scalar fields. 

2.3 Symmetries 

Apart from general coordinate invariance, obtained ah initio through the use of Cartan 
calculus, the action (12. ip is invariant under local Lorentz transformations. In index-free 
form these transformations are 

5 E $ = 0, S £ ip = (2.11) 
5 £ V = -Ve + eV (2.12) 
8 £ Q = ds - fie + eQ => 5 £ R= -Re + eR (2.13) 

with e = ^£ afe 7afe. Invariance of the action (12 .7p under these transformations immediately 
follows from the cyclicity of the trace and the fact that e commutes with 75. 

3 Noncommutative action 

The twisted noncommutative action is found by replacing in the index-free action ( 12. 7p all 
products by twisted ^-products: 

S = J Trfa(RA*VA*V~faifrVA*VKV (3.1) 
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where the covariant exterior derivative is defined by: 



D$ = d$-fi*$ + $*fi (3.2) 

and the curvature R(Q) is 

R(tt) = dtt-ttA+tt (3.3) 

where Q is the noncommutative spin connection matrix. This definition implies the Bianchi 
identity: 

DR(tt) = dR(d) - tt A* R(tt) + R(d) A*tt = (3.4) 

The (associative) ^-exterior product between forms is defined by using Lie derivatives 
along a set of commuting vector fields Xa (see the formula given in the Introduction. For 
a summary on twist differential geometry see for ex. the Appendix of ref. [1]). The sym- 
metrization in the third term of the noncommutative action ( 13. ip is necessary for the action 
to be real. 

The NC fields have deformed transformation laws: to distinguish them from the ordinary 
fields transforming under the usual laws we denote them with a hat. In fact, the Seiberg- 
Witten map relates the hatted fields (the "noncommutative" fields) to the ordinary ones. 

3.1 Noncommutative symmetries 

The NC action ( 13 .ip is invariant under general coordinate transformations (being the integral 
of a 4-form) and under the *-gauge variations: 

5 S Q = de-h-ke + e-kh 5iR(Q) = -R(Q) * e + e * R(Q) 

S-V = -V*e + 6*V 

S s $ = _$^e + e^$ =^ 8 e (D$) = -(D$)*t+t*(D$) (3.5) 
with an arbitrary parameter e commuting with 75. 

The invariance of the noncommutative action under these transformations relies on the 
cyclicity of the integral (and of the trace) and on e commuting with 75. 

Because of noncommutativity, extra fields are entering in the expansions of Q, V, $, (p. 
Indeed now the *-gauge variations of the fields ( I3.5P include also anticommutators of gamma 
matrices, due to the noncommutativity of the ^-product. Since for example the anticom- 
mutator {jab, led} contains 1 and 75, we see that the corresponding fields must be included 
in the expansion of Q. Similarly, V must contain a 7^5 term due to {7,26, 7c}, etc. The 
composition law for gauge parameters becomes: 

[<%,5g 2 ] = tfea^-fc^a (3.6) 

so that e must contain the 1 and 75 terms, since they appear in the composite parameter 
e 2 *?i - ^ *e 2 . 
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The 150(1, 3) enveloping algebra generators T a are chosen to be 70-antihermitian: 

T Q = ^7a6, 75 (3.7) 

(r Q ) f = -7or a7 o (3.8) 
The noncommutative fields are expanded as follows: 

n = -Q^jab + iOl + £75 (3.9) 
V = V a la + V a j a j s (3.10) 
$ I = i\$ Iab la b + ftl + iPls (3.11) 

(p 1 = ^la + ^7a75 (3.12) 

Similarly, for the curvature and the gauge parameter the expansions are: 

R=^R ab lah + ir + % 5 (3.13) 
e=^s ab ~f ab + ie + h5 (3.14) 

All the components along the 5*0(1,3) enveloping algebra generators are taken to be real, 
and therefore fields and curvatures satisfy the hermiticity properties: 

fit = - 7o fi 7o , V"f = 7 V"7o, $ t = 7o$7o, $ = 7o<^7o, R 1 = -70-R70 (3.15) 

i.e. fi and i? are 70-antihermitian, while V, (p and $ are 70-hermitian. Using these rules it 
is a quick matter to check that the noncommutative action (13.11) is real. 

The NC action is also invariant under charge conjugation, defined on elementary fields 

as : 

V ->■ V c = CV T C , fi ->■ fi c = CQ T C , $ ->• $ c = -0$ T , £ ^ = 0<£ T . (3.16) 

Charge conjugation is extended linearly and antimultiplicatively on ^-products (but not on 
matrix products) of fields, so that (/ * g) c = g c * f c , i.e., 

(/ * 9) C = f *-9 9° (3-17) 

where *-g denotes the star product with opposite noncommutative parameters —8 AB . This 
formula holds also for matrix valued fields. 

The three addends in the action (13. ip are separately charge conjugation invariant. Charge 
conjugation symmetry of the second addend is easily verified: 

Tr(w*£*VA*VA*FA* V))° = 

= J Tr(t l5 c *_ e (p c *_ e V c A*_ g V c A*_ g V c A^ g V c ) 



= I Tr(C(-i) l5 C if *_ e Cp T *„ e V T A^ V T A^ V T A^ e V T ) 

= J Tr(i^(p T *_ e f *_ e V T K_ g V T A^ 9 V T K_ 9 V T ) 

= jTr{VKV A,V A*V*£*£z 75 ) 

= jTr{i~f 5 fi*fi *VA*VA*V A*V) . (3.18) 

One proceeds similarly for the first addend, i.e. the pure NC gravity term (an explicit proof 
is in [2]). For the last term one uses the definition of charge conjugation on the scalar $ and 
the consequent property (D<$>) c = —C(DQ) T C. 

The noncommutative fields can be considered as dependent on 9, since their *-gauge 
transformed images are 9 dependent. Indeed the *-gauge transformations depend on 9 (since 
the ^-product depends on 9), so that the transformed fields necessarily depend on 9. We can 
then expand the fields in power series of the noncommutativity parameter 9, each coefficient 
of a given power of 9 being a new field. These infinite degrees of freedom can be reduced by 
requiring the fields to satisfy the constraints 

V c = V- e , & c = , ® C = ®-o , f = <P-e ■ (3.19) 

These conditions are compatible with the *-gauge variations (13. 5p provided that e = e_ g . 
They are equivalent to require that the component fields u ab , V a , (p 1 , (p Ia , e ab are even in 9 
while the other components are odd in 9. 

We can further constrain these fields so that the noncommutative theory is reduced to 
a theory with the same degrees of freedom of the classical theory. This is done in Section 
5 via the Seiberg-Witten map, that allows to express all noncommutative fields in terms of 
the commutative -or classical- fields V a , u ab , cj) 1 , if Ia . 

To conclude this section, we remark that conditions (I3.19P imply that the NC action 
must be even m 9. Indeed, because of (I3.19P and ( I3.17|) . Se is mapped into S-g under charge 
conjugation. Invariance of the action under charge conjugation then implies invariance of 
the action under 9 — > —9. Finally Sg = S^g implies that all corrections to the classical action 
are even in 9. 

4 NC field equations and perturbative solutions 

In this section ^-products, A* products and hats ~ are omitted for notational brevity. The 
NC field equations, obtained by varying the NC action (I3.ip . are given by: 

Auxiliary field tp: 

Tr (T aia5 ([VVVV, if] + 4{VW, £>$})) = (4.1) 

Spin connection Q: 

Tr (r a6jl)5 ([r, V] + i([$, VVif] - [$, ipVVV))^ = (4.2) 
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Scalar field $: 



Tr (T ab>1>5 {-{VVV, Dip} + [cp, TVV - VTV + VVT])) = (4.3) 

Vielbein V: 

Tr (r a>a5 (-{V, R} + ^({VVV, <pp} + {V, VcpcpV}) - ~({VV, w, - V{<p, D$}V)f) = 

(4.4) 

where r aja5 indicates j a and jala (thus there are two distinct equations) and likewise for 
r<jM,5 (three equations corresponding to j a b, 1 and 75). The noncommutative torsion two- 
form T is defined by: 

t = T a la + r a 7 a75 = dv = dv - nv - vn (4.5) 

The NC field equations can be expanded in 9, and have the general structure: 

£ o (0) + £i(0) + £ 2 (</>) + ■■■ = () (4.6) 

where are the fields appearing in the action and Eq is the classical field equation, E\ is 
linear in 9, E 2 is quadratic in 9, etc. The solutions of these NC equations will in general 
depend on 9: 

(j> = 00 + 01 + 02 + • • • (4.7) 

where 0o is the classical field, 0i is linear in 9, 02 is quadratic in 9, etc. Substituting the 
expansion (14.71) into the NC equations (14.61) . and requiring that the coefficients of all powers 
of 9 vanish, we find 

£o(0o) = 

£ o (0i,0 o ) + £i(0o) = 

£ O (02,01,0o) + £l(01,0 O ) + £ 2 (0 O ) = 

(4.8) 

The zero-th order solution (the "classical solution") of the first equation can be substituted 
in the second equation, which then determines the first order correction 0i in terms of 0o- 
Inserting 0x into the third equation enables to find 02 and so on: in this way the solution of 
the NC field equations can be constructed order by order. 

Let us see how it works in our specific example of scalar fields coupled to NC gravity. 
We will not try here to solve the NC field equations for the dynamical fields V and but 
will show that the nondynamical fields of the classical theory, i.e. the spin connection Q and 
the auxiliary field if, remain nondynamical also in the NC context. 

This can be understood as follows. The zero-th order field equations for and Q are just 
the classical ones given in ( 12 .4p and ( 12. 3p . allowing to express the classical spin connection 
in terms of the classical vielbein and the classical auxiliary field as derivative of the classical 
scalar field. This is because the classical Q and ip appear algebraically in the classical field 
equations. For example (p appears in the classical equation as (^o)i £ 6c(feK?Kf^o d K) e ( an d is 
equated to d a &QEb c deVoVoVoVo)- The higher order corrections Q i: (pi i > 1 are determined by 
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the higher order equations in (14. 8p . where they appear algebraically exactly as in the classical 
case: indeed the first order field equation contains ipi as (y^Oi^bcdeV^V^V^"^ 6 and similarly 
for higher orders. Then all the higher order field equations can be solved algebraically in 
the same way for all the ipi. The same occurs for the higher order corrections of the spin 
connection that appears algebraically in the torsion field and hence algebraically in (14. 2p . 
Thus we can use the NC field equations to eliminate (p and Q, i.e. the transition from first 
to second order formalism is possible also in the NC theory. 

Finally, the same conclusion holds when use is made of the Seiberg-Witten map between 
noncommutative and commutative local Lorentz symmetry. In this case the fields are given 
from the start (off shell) a precise 9 dependence (in terms of the classical fields) dictated by 
the SW map. Substituting their expansion in the action, after expanding also the * products, 

one obtains an extended action So + Si + S% H expanded in powers of 9. Consider now the 

field equations: they involve only the classical fields and their higher derivatives, and can be 
expanded in powers of 9. We can look for perturbative solutions given by fields expanded in 
powers of 9. The reasoning is now identical to the one used in the previous paragraph. Since 
at zero-th order in 9 the auxiliary field tp and the spin connection Q are nondynamical, by 
the same argument the higher order corrections to these fields will also be nondynamical. 

5 Geometric Seiberg-Witten map and fields at first or- 
der in 6 for a general abelian twist 

As shown in ref. [2], the SW map can be recast in a coordinate-independent form, and 
generalized to a ★-product originating from an arbitrary abelian twist. We expand the 
noncommutative fields in addends of homogeneous degree in 9, 



where f2, e are the classical gauge potential and gauge parameter, and is a classical scalar 
field, while the fields fl n , e n and <p n are homogeneous of order n in powers of the noncom- 
mutativity 9 and depend also from the derivatives of the gauge potential Q, and, in case of 
the gauge parameter and the scalar field, also on the classical field e, cf) and their derivatives, 
respectively. 

We recall the relevant formulae for the recursive relations determining the SW [2], 



n = n + n 1 + n 2 + ...n n + ... 

e = e + e 1 + e 2 + . . . e n + . . . 
$ = 4> + ( p 1 + ( f ) 2 + ... ( f ) n + ... 



(5.1) 
(5.2) 
(5.3) 



,71+1 



I 



9 AB {Q A ,£ B Q + R B }2 



(5.4) 



4(n + 1) 



i 



9 AB {n 




(5.5) 



4(n + 1) 



R 



,n+l _ 



9 AB ({Q A , (£ B + L B )R} r : - [R A , R B }2 



) 



(5.6) 



4(n+ 1) 
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m+i _ b nAB rn (o i r 



4(n + T 



9 A "{Q A ,(£ B + L B ) ( j)} T ;, 5t<j> = t*<i>-<l>*e (5.7) 



where f^, i?^ are defined as the contraction i A along the tangent vector X A of the exterior 
forms Q, R, i.e. Q A = -Ra = za-R- The apex n on the composite fields on the right hand 
side indicates that we are considering the term homogeneous of order 9 n of the composite 
field. We have also introduced the covariant Lie derivative Lb along the tangent vector X B ', 
it acts on R and as LbR = £ B R — Qb * R + R*£I b an d L B (f) — £b<P ~ ^.b * + * ^b- In 
fact the covariant Lie derivative Lb can be written in the Cartan form: 

L B =i B D + Di B (5.8) 

where D is the covariant derivative. The recursion formulae (15. 41) - (15. 7p relate the 9 n+1 order 
to the 9 n order of the NC fields. 

For the fields in the index-free geometrical action (13. ip the above formulae at first order 
become: 

^ = l -9 AB {Q A , (£ B + LbM (5.9) 

$i = i0*3{n A , (£ B + L B )$} (5.10) 

V l = l -6 AB {n A ,(t B + L B )V} (5.11) 

R 1 = l -9 AB ({Q A , (£ B + L B )R} - [R A , Rb}) (5.12) 

All these formulae are not SO(l, 3)-gauge covariant, due to the presence of the "naked" 
connection Q and the non-covariant Lie derivative l A . However, when inserted in the NC 
action (13. ip . the resulting action is gauge invariant order by order in 9. Indeed usual gauge 
variations induce the *-gauge variations under which the NC action is invariant. Therefore 
the NC action, re-expressed in terms of ordinary fields via the SW map, is invariant under 
usual gauge transformations. Since these do not involve 6, the expanded action is invariant 
under ordinary gauge variations order by order in 9. This will be explicitly checked in the 
next sections for the first and second order 9 correction of the NC action. 



6 Action at first order in 6 

The first order correction of the Einstein term in (13. ip vanishes, as shown in ref. The 
remaining two terms contribute to the first order correction S l of the action: 

S = S<ptpvvvv + S<pD<t>vvv (6-1) 

with 

S^vvvv = -jJ T r(i%((<P * ¥>) X V A V A V A V + <f<f(V A* V A, V A, V) 1 )) 
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= ^0 AB J Tr{ lb {{^R AB ifif + X -wR AB + L A <pL B <p)V A V A V A V + 

+ <p<p (L A V A L B V A V A V + L A (V A V) A Lb(V AV) + V AV A L A V A L B V))' 

(6.2) 

The curvature components irUs are defined as: 

Rab = ib(Ra) = ibIaR (6.3) 
For the second term we need first to compute (DQ) 1 = <i($) 1 — (f^^^) 1 + ($ *fi) 1 . We find: 



(£>$)i = ^({fix, (h + L B )D<$>} - 2{R A , L b $}) (6.4) 



Then 



(6.5) 



SUwvv = \j Trfad^D® + vm) 1 + (D$)V + {Dtycf) 1 + 
+^9 ab (£ a ip£b(D$) + £ A (D$)£ B <p) A V A V A V + (<pD$ + D$^>)(V A* V A* V) 1 

Inserting the first order expressions for the fields yields 

fyoww = ~Y 2 QAB J Trfai-if, {Ra, L b $}} + [L A <p, L b (D<Z>)} 
+ ^{Rab, + D$<p}) AV AV AV 

+ (cpD® + D$ip) A (L A V A L B (V A V) + V A L A V A L B V)j) (6.6) 

Finally, inserting the expansions for the classical fields R = ~R ab j a b, $ J = J 1, ^ 7 = 
V = V a/ y a , and carrying out the trace on spinor space yields a vanishing result for 
both contributions S* vvvv and S^ D ^ VVV . Indeed all terms have a gamma matrix content 
that does not contain the unit matrix, the only matrix with nonvanishing trace. Thus the 
first order (in 9) correction to the classical action ( 12 ,ip vanishes, in agreement with the 9- 
parity of the action discussed at the end of Section 3. To find nonzero contributions one has 
to compute the second order correction. 

The expressions for the first order corrections (16. 2p and (16. 6p are obtained algebraically 
via the geometrical Seiberg-Witten map, that, together with the cyclicity of the integral, 
ensures gauge invariance of the result. This is confirmed by the appearance of only gauge- 
covariant terms in the integrands. Thus expressions (16. 2p and (16. 6 p are a useful check, even 
if they eventually have to vanish because of the particular matrix structure of the index-free 
fields. 

Note: one can also use the relations, due to the gamma matrix structure of the index-free 
classical fields: 

Q T = CttC, V T = CVC, $ T = -C&C, p T = C<pC, R T = CRC (6.7) 

where C is the charge conjugation matrix (see the Appendix). It is easy to prove vvvv = 
Sl>D<5>vvv = 0' si m ply by checking that, before taking the spinor trace, the transpose of the 
integrands in the action at first order are equal to minus the integrands. 
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7 Action at second order in 6 

In this Section we expand the scalar action in ( 12.7ft at second order in 9 using the recursive 
formulae of the geometric SW map ( I5.4I) -( 15T1) . In j9] we have developed a method that 
allows to write each term in the expansion of a generic noncommutative gauge theory action 
in explicit gauge invariant form. We apply this method to the scalar field action in (2.7) and 
obtain the second order corrections: 

S 2 — S^tpVVVV + ^D(f>VVV 

with (we omit wedge products): 
S 2 w vvvv = 4 , 8 J Tr ^((^{Rcd, -{R A B,W>} + 2L A (pL B ip} + -[L C R AB , L D {tptp)\ 

- ^{{Rac, Rbd}, <M + (L A L C ip)(L B L D ip) - [{R AC , L B tp}, L D cp))VVVV 

+ ({Rod, <M + 2L c <pL D <p)({L A VL B V, VV} + L A (VV)L B (VV)) 
+ ipip(-{[{R AO , L B V}, L D V],VV} - [{{R AC , L B V}, V}, L D (VV)] 
+ [L C (L A VL B V),L D (VV)\ + {(L A L C V)(L B L D V), VV} + 2L A VL B VL C VL D V 
+ [[L A L C V, L B V},L D (VV)} + L A L C (VV)L B L D (VV))) (7.2) 



and 



SIdww = gTg-y Tr H 5 (-{Rcd, {Rab, W, D<P}} + 2[L A <p, L B D<fi] - 2{ v , {R A , L B <fi}}} 

+ ^{L C R AB , L D {ip, D<f>}] - ^{{R AC , Rbd}, W, D<f>}} - 2[L A 0, L B {R C , L^}} 
-[{R CA , L D <p}, L B D(j)} - [L A <p, {R CB , LoDcj)}) + {L c L A <p, L D (L B D<j))} 
-{ip, [L C R A} L D L B <P] - {i A (R c R D ),L B <P} - {R A , {R CB , L D( f>}}} 

+ ([Rcd, {<p, DcP}} + 2[L c <p, L B D(/)] - 2{<p } {R c , L D <j)}})((L A V)L B (VV) + V(L A V)(L B V)) 
+{ip, D<f>}((L c L A V)L D L B (VV) + L A V[L C L B V, L D V] + V(L C L A V)(L D L B V) 
+ (L C V)L D (L A VL B V) - {R CA ,L D V}L B (VV) 

-L A V{V, {Rcb, L D V}} - V[{R CA , L D V}, L B V}) (7.3) 



Note: by taking <p = const, in vvvv one obtains the explicit second order correction 
to the cosmological term (simply by discarding all terms containing derivatives of (p). 



8 Dynamical noncommutativity 

The background commuting vector fields X A , defining the twist, can become dynamical if 
we relate them to the scalar fields tfi 1 . 
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Consider a spacetime manifold M that can be described by a single coordinate system, 
with coordinates In this case the vector fields Xa (that are globally defined on M) can 
be written Xa = X^d^. They are then identified with the inverse of the matrix given by the 
derivatives of a "potential" Z A ((j)): 

X% = {d»Z A y' (8.1) 

where the index / labelling the scalars cj) 1 is now chosen to coincide with the index A labelling 
the vector fields, and A runs on 1,2,3,4. This definition automatically ensures that the vector 
fields commute, i.e. that 

[X A , X b \ = & X^X" - X^X V A = . (8.2) 

For example, we can choose Z A = <p A , as in ref. [10]. One has then to check whether there 
exist solutions of the scalar field equations and the Einstein equations for which (d^<p A ) is 
invertible. The study of these solutions, and the analysis of their stability, is postponed to 
future work. If a solution exists with d^cj) A = 5 A (<p A = x A + const), it would correspond to 
Xa = $a, i.e. to Moyal noncommutativity. 
Another choice for Z is: 

Z A = ^r, <t> 2 = 4> B <f> B (8.3) 

leading to 

OT -' = = ^V-2*J!) (8.4) 

or: 

X% = (d^ B r^(S AB - 2^) (8.5) 

since (5 AB — 2 ^ t ) is its own inverse. In this case a solution <p A = x A + const for const = 
would correspond to 

X\ = 5^x 2 - 2x A x fl (8.6) 
so that spacetime becomes commutative close to the origin of coordinates. 

A Gamma matrices in D = 4 

We summarize in this Appendix our gamma matrix conventions in D = 4. 



rj ab = (1,-1,-1,-1), {7 a ,7&} = 2rj ab , [-y a , j b ] = 2 7ab , (A.l) 

75 = ^7o7i7273, 7575 = 1, £0123 = -e 0123 = 1, (A. 2) 

7! = 7o7a7o, it = 75 (A. 3) 

7a T = -C 7a C-\ ^ = C l5 C~\ C 2 = -l, tf = C T = -C (A.4) 
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A.l Useful identities 



lalb = lab + Vab 


(A.5) 


lablb = -tabcdl 

2 


(A.6) 


r y„K / y„ = t\i,„^i„ — T)„„^ii, — if .ujTc'y'' 

fab fc '/be fa 'lac }b L ^abca fo / 


(A 7) 


Iclab — 'laclb 'Ibcla Lt abcdlbl 


(A 81 


lalblc = Vablc + Vbcla ~ Vaclb ~ ^abcdl^ 


(A.9) 


l ab lcd = ^e ab cdl ,-A5 [ ; 1 b] d] -25^ 


(A.IO) 


Tr( 7a7 %) = 8 5 b : d 


(A.ll) 


Tr^jajbcja) = -Aie abcd 


(A.12) 


Tr(Y s lalbdd) = 4(-25^ a 6 + 2&c - SISXVed) 


(A.13) 


Tr{~f 5 Y s lalbdd) = 4{-i Vab 6 rs cd + in ac e rs bd + 2ie abc e 8 r ed ) 


(A.14) 



where 5^ = — 5 ^abc = 31 i^aK^t + 5 terms), and indices antisymmetrization in 

square brackets has total weight 1. 
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